Ambiguities in the gravitational correction of quantum electrodynamics 
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We verify that quadratic divergences stemming from gravitational corrections to QED which 
have been conjectured to lead to asymptotic freedom near Planck scale are arbitrary (regulariza- 
tion dependent) and compatible with zero. Moreover we explicitly show that such arbitrary term 
contributes to the beta function of QED in a gauge dependent way in the gravitational sector. 

PACS numbers: 04.60.-m ll.10.Gh 11.15.Bt ll.10.Hi 



Gravitational effects in Quantum Field Theory 
can only be obtained in the context of effective 
theories. This situation resembles the early days 
of Quantum Mechanics when the study of matter- 
radiation interaction was treated in a similar fash- 
ion. Matter was quantized while electromagnetic 
field was treated classically. Nonetheless in both 
cases relevant information has been extracted from 
such effective theories. In the case of quantum 
gravity the issue of effective theories has been dis- 
cussed in depth in 

Recently a most challenging far reaching result 
has been put forth by Robinson and Wilczek. They 
showed that quantum gravitational effects may 
contribute to asymptotic freedom in gauge theo- 
ries @. As to be expected several independent 
investigations started to appear arguing either in 
favor or against the result. Within the context of 
the Einstein- Yang-Mills model, in 0] it is argued 
that the quadratic divergences ultimately respon- 
sible for asymptotic freedom are canceled in some 
step of the calculation. In [8| the gauge depen- 
dence of the gluon and graviton propagator are 
included and asymptotic freedom remains, being 
however gauge dependent in what concerns the 
gravitational sector. Results in the context of the 
Einstein- Maxwell model, are also contradictory. 
The issue of the gauge dependence has been ad- 
dressed in ref @ . Also in 0, QiJ EH the quadratic 
divergences appear again as the agent of asymp- 
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totic freedom in this model. In [l2j it is shown that 
quadratic divergences are intrinsically ambiguous 
in a regularization independent way. Other regu- 
larization dependence may arise during the calcu- 
lations since surface terms will certainly appear if 
quadratic divergences are present and are evalu- 
ated differently in different regularizations. The 
authors of also argue that quadratic diver- 
gences are devoid of physical significance, since 
they may be eliminated by a redefinition of the 
fields in the original Lagrangian. An argument 
along a different line was given recently in ref 
fb3 ] where it is argued that the linearized space- 
time metric is not a solution of Einstein equation. 
Against the existence of asymptotic freedom in the 
context of the Einstein-Maxwell model a calcula- 
tion is presented which leaves arbitrary gauge pa- 
rameters (both for the photon and graviton sec- 
tors) and concludes that the results are dependent 
on the gravitational gauge only (lfjj . Moreover it 
is shown that in the limit of zero mass quadratic 
divergences disappear, in agreement with Dimen- 
sional Regularization. 

Given the nature of the discrepancies in the re- 
sults in the literature regarding both gauge and 
regularization dependence we believe it is perti- 
nent to present a calculation using the most gen- 
eral parametrization of logarithmic and quadratic 
integrals which allows one to display ambiguities 
arising either from divergences as well as those in- 
trinsic to perturbative calculations such as surface 
terms. We carry all ambiguities till the end of the 
calculation. 

We show that there appears in fact a quadratic 
divergence which could in principle be responsible 
for asymptotic freedom. It is however intrinsically 
ambiguous as it is both regularization and gauge 
(in the gravitational sector) dependent. 
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We start by describing the model. We couple 
scalar electrodynamics with gravitation as follows 



S 



d x-s/—g 



(1) 



where in ([TJ, F^ v is the (Maxwell) field strength 
tensor, {D^cj}) = (<9 M + ieA^cp) represents the co- 
variant derivative, g^v the space time metric, k = 
VWnG the gravitational coupling constant and 
R the scalar curvature tensor. We use the weak 
field approximation, linearizing the metric around 
a Minkowski background rj^ v — (1,-1,— 1,-1) in 
the following way 
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(2) 



with h^ u in eq. ([2J being the deviation from the 
flat background. 

The propagator of the scalar field is 



A(p) 



? 2 " 

— m 



(3) 



whereas the graviton propagator with explicit 
gauge dependence reads 

■ paXafi i ■ yraXofi 

A^W = 7^-^ + k-l)7^-^ ; (4) 



(fc 2 -/i 2 ) 2 V 



with 



(fc 2 - M 2 ) 5 



a\ er/3 



(5) 



M aXaf} = (r/ Q<T (fc A fc' 3 ) + r; a,3 (fc A fc CT )+?7 A ' T (fc a fc' 3 ) 
+i 1 X0 {k a k a )) (6) 

and fi is a fictitious mass which we will set to zero 
at the end of calculation. The photon propagator 
as usual is given by 

— irf v (1 — a) U l k" 
A ^ (fc) = (fc 2 - M 2 ) ~ l a (fc 2 - M 2 ) 2 ' (7) 

in an arbitrary gauge a. 

The one loop corrections to the photon propa- 
gator for scalar QED in weak gravitational field 
approximation ([2]) are depicted in figures ([1} and 
([2]) respectively. 

The graviton-photon vertices in fig. (fTJ) are given 

by 
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FIG. 1: One-loop gravitational corrections to the pho- 
ton propagator. Solid and wavy lines represent gravi- 
ton and photon propagators respectively. 
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FIG. 2: One-loop matter field corrections to the pho- 
ton propagator. Dashed line represents the scalar 
field. 



+\ W s ( P e p' x + P x P ,e ) + ii X6 p s p"< - ^ A W 
V>V e -^Vp' A -^pV 7 ]}, (8) 

where, the term p xe "< 5 is given by in ([5]). 
V aTesp Z(p,p') = i^{r] 5e ri pa n T t + 2rf 

+2{ ?7 «[^V 1p + ? 7« [t ^ 1[ V 1p } 

+{ P ■ p')|V V [ V 1? + 



where W = p^p'", {V 1 " = if"(p ■ p') - W v and 
the parentheses (brackets) indicate symmetriza- 
tion (anti-symmetrization) in the indices. In fig. 
([2]), the photon scalar field vertices are 



V"i{p,p') = -ie(p + p'y 



(10) 
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and 



V* 1 ? = 2ie 2 rp fs 



(11) 



respectively. 

The photon self energy correction to one loop or- 
der is given by the sum of the amplitudes depicted 
in figs. (JTJ and ©. They read 



ITi l » = A a5 (k)V^ 5 (p,p-k)A^ f3 „(k) 

Jk 

xV^ a (p-k,p), (12) 



which however are related to (|T5|) and (jTTJ) through 
surface terms. 

We can parametrize the divergent integrals in a 
general form [l8j |. For example, Ii og (^ 2 ) in equa- 
tion (TIUI) satisfies the regularization independent 
equation 



(20) 



where b — — j^rj ■ The most parametrization com- 
patible with equation (|20|) is 



K v b {p) = / ^"""(pyj^W, (13) 

Jk 



H^(p) = / ^(p + 2fc)A(p)T/> + 2fc) 

xA(p + fc), (14) 



^A(p), 



(15) 



where, for brevity, J k = J -0^. 

To evaluate these amplitudes we adopt a strat- 
egy based on Implicit Regularization [l6|, \v\ . 
Their ultraviolet content will be displayed in terms 
of basic divergent integrals which depend on the 
loop momentum only. Free parameters expressed 
by surface terms which stem from differences be- 
tween basic divergent integrals with the same su- 
perficial degree of divergence yet different Lorentz 
structure parametrize are fixed to zero on gauge 
and momentum routing invariance grounds [la ]. 
Typical basic divergent integrals at one loop order 
are given by 



Jk {k 2 - M ) 



(16) 



and 



WM 2 ) = y fe t^t^i • ( 17 ) 

Other basic loop divergent integrals appear in 
the calculation, e.g. 

f k^k v 

C> 2 ) - / 71^-^ (18) 



k (k 2 /i 2 ) 



and 



Ilog(fJ? 



(21) 



with b\ is arbitrary constant. In analogous fashion, 



/^(/i 2 ) can be written 



O 2 ) - V 



b' 1+ blnl^ 



(22) 



where b[ is another arbitrary constant. The choice 
of the arbitrary constant have a physical motiva- 
tion. Notice that 



% 5 (m 2 )-C(a 2 ) 



d 



k" 



k dky. (fc 2 - /j,* 
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is a surface term, which is in principle arbi- 
trary and generally regularization dependent as the 
parametrization shown in eqs. (|2ip and (|22[) . 
Likewise, equation (|17p satisfies 



d M 2 =U) 



(24) 



and the most consistent parametrization from (124[) 
is 



/ A 2 

Iquadip 2 ) = ciA 2 + b^i 2 In I — 



c> 2 . 



(25) 



and, in analogous way 



c 2 A z + bfi 2 In 







(5) 


+ 4/i 2 







(26) 

These parametrization reveal the regularization 
dependence character of Iquadi^ 2 ) which, i.e., van- 
ishes in dimensional regularization (c\ = c 2 = 0) 
but not in a momentum cut off, where we have 



ci = c 2 



iA 2 
' 64tt 2 ' 



(27) 
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In other words, while gauge invariance and mo- 
mentum routing fix the surface terms to zero, ci, 
for instance, remains undetermined. 

Thus, after a brief discussion about ambiguities, 
we will show the our principal result for this paper. 
After a lengthy yet straightforward calculation we 
get 



U total(p) = 

, (13£-5) 



m + 1) 

24 



F(p 2 )p 2 



(£-!)(! -a) 



F(p 2 ) P 2 



6 a 



(p 2 v^-pV) 



T »» + (1 g) T ^ + ^ _ 1)T ^ 

a 



(28) 



where the term F(p 2 ) in equation (|28[) is given by 

„2 \ 



F(p 2 )=/^( M 2 ) 



167T 2 



hi 



K 2 



(29) 



The infrared regulator expressed by ln(/^ 2 ) when 
/i — > in finite part of the amplitude is canceled 
against the infrared regulator in Ii og ([i 2 ) through 
the regularization independent relation 



WM 2 ) = WA 2 ) - 1^2 ln ( fa I ( 3 °) 



where A 2 is a non vanishing arbitrary parameter 
which plays the role of renormalization group con- 
stant [19| . 

In (|2"5| the (regularization dependent) surface 
terms read 



Tf = oaT -[ai--a 3 \ (?r P 2 + 2p»p v ), (31) 



Tf-^P 2 (l3p 2 rr-20pV) 



a 2 8a 3 2 



(tTp 2 -^), (32) 



Tf = (VV-pW)[2a 3 -ai], (33) 



l 4 



2(a 3 + ai)p 2 



« 2 



2 n^ l/ 



(p n 



p> v ) 



(34) 



3ai 



"3 



P 2 (pV"-pV), (35) 



where the terms aj., fl2 and et 3 are given by 



1 



= -rfI log (^) 



fc (fc 2 -// 2 ) 3 ' 



(36) 



02^" = ^IquadiV 2 ) 



k (fc 2 -M 2 ) : 



f, (37) 



and 



WV } = ln^n^i log (n 2 ) 



k (fc 2 - M 2 )4' 



(38) 



respectively. 

Whilst quadratic divergences are canceled be- 
tween the graphs in figure (2) there remains a 
Iquadi^ 2 ) from the graphs in figure (1). This term 
proportional to I qua d{^ 2 ) in (HHJ) could give rise to 
asymptotic freedom in electrodynamics as pointed 
out by Toms in [lOj. We show however that be- 
sides being gauge dependent it is also intrinsically 
undetermined as we can see in eqs ([23)1 and ([2"B)| 
respectively. As for the other indeterminacies con- 
tained in eq. ([28"]) expressed by the T's (surface 
terms) it can be easily checked that the terms a,j, 
with i = 1 , . . . , 3 are evaluated to zero in dimen- 
sional regularization, rendering II^ aj transverse, 
as it should. Within the framework of Implicit 
Regularization we have demonstrated that both 
momentum routing and gauge invariance are si- 
multaneously satisfied if we set surface terms to 
zero [18j. Results in the literature can be recov- 
ered by choosing £ = a = 1. 

We get the (3 function from eq. ([2"5)l . It is given 

by 



12tt 2 



(13g-5) 

1287T 2 



ciA 2 K 2 e, 



(39) 



where ci in eq. (|39j) remains arbitrary and can 
not be fixed by gauge invariance. In the same 
sense, (2TJ-[22j also argue that the quadratic diver- 
gence present in ([28} should not exist because the 
quadratic divergence dependence disappears when 
physical processes are taking into account. 
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To summarize we have shown in a regularization 
independent way that the quadratic divergences 
which contribute to asymptotic freedom in QED 
at the Planck scale is intrinsically undetermined 



and gauge dependent. 

Acknowledgements: This work was supported 
by CAPES, CNPq and FAPEMIG. 



[1] G. 't Hooft and M. J. G. Veltman, Annales 

Poincare Phys. Theor. A 20, 69 (1974). 
[2] S. Deser and P. Van Nieuwenhuizen, Phys. Rev. D 

10, 401 (1974). 
[3] S Deser and P. Van Nieuwenhuizen, Phy. Rev. 

Lett. 32, 245-247 (1974). 
[4] S. Weinberg, Physica A 96, 327 (1979). 
[5] J. F. Donoghue, Phys. Rev. Lett. 72, 2996 (1994). 
[6] S. P. Robinson and F. Wilczek, Phys. Rev. Lett. 

96, 231601 (2006). 
[7] D. Ebert, J. Plefka and A. Rodigast, Phys. Lett. 

B 660, 579 (2008). 
[8] Sarah Folkerts, Daniel F. Litim, Jan M. 

Pawlowski, Phys. Lett. B 709, 234-241 (2012). 
[9] A. R. Pietrykowski, Phys. Rev. Lett. 98, 061801 

(2007). 

[10] D. J. Toms, Nature 468, 56 (2010). 

[11] Yong Tang and Yue-Lian Wu, Commu. Theor. 

Phys. 57, 629-636 (2012). 
[12] J. C. C. Felipe, L. C. T. Brito, M. Sampaio, 

M. C. Nemes, Phys. Lett. B 700, 86-89 (2011). 



[13] J. Ellis, N. E. Mavromatos, Phys. Lett. B 711, 
139 (2012). 

[14] N. K. Nielsen, Annals Phys. 327 861-892 (2012). 
[15] K. E. Leonard and R. P. Woodard, arXiv: 

1202.5800vl. (2012). 
[16] A. P. B. Scarpelli, M. Sampaio and M. C. Nemes, 

Phys. Rev. D 63 (2001) 046004. 
[17] A. P. B. Scarpelli, M. Sampaio, M. C. Nemes and 

B. Hiller, Phys. Rev. D 64 (2001) 046013. 
[18] L. C. Ferreira, A. L. Cherchiglia, B. Hiller, M. 

Sampaio, M. C. Nemes arXiv: 1110.6186, to ap- 
pear in Phys. Rev. D (2012). 
[19] L. C. T. Brito, H. G. Fargnoli, A. P. B. Scarpelli, 

M. Sampaio and M. C. Nemes, Phys. Lett. B 673, 

220 (2009) and references therein. 
[20] M. M. Anber, J. F. Donoghue and M. El- 

Houssieny, Phys. Rev. D 83 (2011) 124003. 
[21] D. J. Toms, Phys. Rev. D 84 (2011) 084016. 
[22] M. M. Anber and J. F. Donoghue, Phys. Rev. D 

85 (2012) 104016. 



